A graph-theoretical invariant of topological spaces  by Dress, Andreas W.M. et al.
Applied Mathematics Letters 22 (2009) 159–162
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
A graph-theoretical invariant of topological spaces
Andreas W.M. Dress a,∗, Katharina T. Huber b, Jacobus Koolen c, Vincent Moulton b
a CAS-MPG Partner Institute for Computational Biology, 320 Yue Yang Road, 200031 Shanghai, China
b School of Computing Sciences, University of East Anglia, Norwich, NR4 7TJ, UK
c Department of Mathematics, POSTECH, Pohang, South Korea
a r t i c l e i n f o
Article history:
Received 31 January 2008
Accepted 31 January 2008
Keywords:
Phylogenetic analysis
Block graph
Topological space
Connected component
t-pair
a b s t r a c t
Given a topological space T and a finite subset T0 of T , we associate two graphs with T and
T0 that, under rather mild conditions, turn out to be a block graph and a tree, respectively.
This construction is of interest, e.g., in the context of phylogenetic analysis where T may
model a full ‘‘orbit’’ of a dynamical branching process, and T0 the set of its branching points.
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1. Introduction
Given a topological space T and a finite subset T0 of T , we define two graphs Gb(T |T0) and Gt(T |T0) which, under rather
mild conditions, turn out to be a block graph (cf. [1,3,5]) and a tree, respectively. To this end, we first introduce or recall some
basic definitions and notations, and collect some related simple facts. Then, we define the graphs Gb(T |T0) and Gt(T |T0),
introduce the notion of t-pairs, derive several consequences, and prove our main result.
2. Preliminaries: Notation, definitions, and some simple facts
We refer the reader to [4] for basic definitions and facts concerning topological spaces.Wewrite X−x for the complement
X − {x} of a one-point set {x} in a set X and, given a topological space T and two distinct elements f , g ∈ T , we denote
• by T (f ) the connected component of T containing f , i.e., the unique largest (and necessarily closed) connected subset of
T containing f ,
• by pi0(T ) = {T (f ) : f ∈ T } the associated partition of T ,
• by [T − g] (f ) the closure (T − g) (f ) (in T ) of (T − g) (f ), the connected component of T − g containing f , and
• by ‘‘≤f ’’ the pre-order.1 defined on T − f by putting, for all g1, g2 ∈ T − f , ‘‘g1≤f g2 ⇐⇒ (T − g1) (f ) ⊆ (T − g2) (f )’’.
And given a finite subset T0 of T and a point f ∈ T − T0, we denote
• by O(f |T0) = OT (f |T0) the subset⋂g∈T0 (T − g) (f ) of T − T0,
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• by B(f |T0) = BT (f |T0) its closure O(f |T0) (that is necessarily contained in the intersection⋂g∈T0 [T − g] (f )),• by ∂(f |T0) the difference B(f |T0)− O(f |T0),
• by O = O(T |T0) the set consisting of all subsets of T − T0 of the form O(f |T0) for some f ∈ T − T0,
• byB = B(T |T0) the set {B(f |T0) : f ∈ T − T0} consisting of all of their closures which will also be dubbed the blocks of
T relative to T0, and
• by B(O), for any O ∈ O, the closure of O and, for any B ∈ B, by O(B) the set B \ T0 and by ∂T0(B) the set B− O(B).
The following lemma collects some obvious observations whose verification (partly indicated in the lemma) is left to the
reader:
Lemma 2.1. (i) The sets in O form a partition of T − T0; in particular, one has O = O(f |T0) for every set O ∈ O and every
f ∈ O.
(ii) For any O ∈ O and g ∈ T0, there exists a unique connected component C = C(g|O) ∈ pi0(T − g) with O ⊆ C, namely, the
set C := (T − g) (f ) where f is any point in O. Clearly, O =⋂g∈T0 C(g|O) always holds.
(iii) Further, (T − g) (f ) ⊆ [T − g] (f ) ⊆ (T − g) (f ) ∪ {g} holds for any two distinct elements f , g ∈ T (as any subset A of T
with A ∩ (T − g) = A′ for some subset A′ of T − g must coincide either with A′ or with A′ ∪ {g}).
(iv) Consequently, B(f |T0) ⊆⋂g∈T0 [T − g] (f ) ⊆ O(f |T0)∪ T0 and, hence, ∂(f |T0) = B(f |T0)∩ T0, and O(f |T0) = O (B(f |T0))
holds for all f ∈ T − T0 which in turn implies that f ∈ B ⇐⇒ O(B) = O(f |T0) ⇐⇒ B = B(f |T0) ⇐⇒ ∀g∈T0 B ⊆
[T − g] (f ) holds for all f ∈ T − T0 and B ∈ B , and O∩ B 6= ∅ ⇐⇒ B = B(O) ⇐⇒ O = O(B) for all O ∈ O and B ∈ B .
(v) We have g 6∈ (T − g ′) (f ) ⇐⇒ g ′≤f g and, hence, f ∈ (T − g ′) (g) ⇐⇒ g ∈ (T − g ′) (f ) ⇐⇒ g ′ 6≤f g for all
f ∈ T − T0 and g, g ′ ∈ T0 because g 6∈
(
T − g ′) (f ) implies that (T − g ′) (f ) is a connected subset of T − g containing f
and, hence, a subset of (T − g) (f ), the unique largest connected subset of T − g containing f .
(vi) For all points f , f ′ ∈ T − T0, the following seven assertions: are equivalent: (1) O(f |T0) = O(f ′|T0), (2) B(f |T0) =
B(f ′|T0), (3) f ∈ B(f ′|T0), (4) ∀g∈T0 f ∈ [T − g] (f ′), (5) ∀g∈T0 f ∈ (T − g) (f ′), (6) ∀g∈T0 (T − g) (f ) = (T − g) (f ′),
and (7) ∀g∈T0 [T − g] (f ) = [T − g] (f ′).
(vii) For any g ∈ T0, B ∈ B , and C ∈ pi0(T−g), one has B ⊆ C in the case B∩C 6= ∅ as either [T − g] (f )∩C = (T − g) (f )∩C =
∅ or (T − g) (f ) = C holds for every f ∈ T − T0. So, C = (T − g) (f ) must hold for every f ∈ O(B) in the case B ∩ C 6= ∅
and, therefore, B ⊆ [T − g] (f ) = C. In particular, C \ T0 ⊆⋃f∈C\T0 B(f |T0) ⊆ C ∪ {g} always holds.
3. The graphs Gb(T |T0) and Gt(T |T0)
Now, with T and T0 as above, let Gb = Gblock(T |T0) = (T0, Eb) denote the graph with vertex set T0 and edge set
Eb := ⋃B∈B(T |T0) ( ∂T0 (B)2 ), and let Gt = Gtree(T |T0) = (Vt, Et) denote the graph with vertex set Vt := B(T |T0) ∪˙ T0 and
edge set Et := {{B, g} : B ∈ B(T |T0), g ∈ T0 ∩ B}.
To state our main result, we finally define a pair (T , T0) consisting of a topological space T and a finite subset T0 of T to
be a ‘‘t-pair’’ if T is connected and contains at least two points and if, for every g ∈ T0, the connected components of the set
T − g are open subsets of T , which is surely the case if #pi0(T − g) < ∞ holds and T − g is an open subset of T for every
g ∈ T0.
Clearly, given a t-pair (T , T0), a point g ∈ T0, and a point f ∈ T − T0, T − g must be an open subset of T , O(f |T0) —
being the intersection of finitely many open subsets of T — must be an open subset of T , too, and ∂(f |T0) its (topological)
boundary, and the closure [T − g] (f ) of the proper open subset (T − g) (f ) of T cannot coincide with (T − g) (f ) and must,
therefore, coincide with (T − g) (f ) ∪ {g} implying (i) that the restriction of ‘‘≤f ’’ to T0 must be a partial order and (ii) that
B(f |T0) =⋂g∈T0 [T − g] (f ) holds.2
In this work, we will show that the following holds for any t-pair (T , T0):
Theorem 1. The graph Gb is a connected block graph, and Gt is a tree.
To establish Theorem 1, we first note that, for every g ∈ T0, the set N(g|T0) :=⋂g ′∈T0−g (T − g ′) (g) forms a ‘‘canonical’’
open neighbourhood of g (relative to T0). In our proof, we will use the following facts:
Lemma 3.1. Given any f in T − T0, the set ∂(f |T0) consists of all g ∈ T0 for which f is contained in N(g|T0)— or, equivalently,
all those g ∈ T0 that are minimal (in T0) with respect to ‘‘≤f ’’.
Proof. As [T − g] (f ) = (T − g) (f ) ∪ {g} holds for all g ∈ T0 and B(f |T0) coincides with ⋂g∈T0 [T − g] (f ), the set
∂(f |T0) = B(f |T0) − O(f |T0) coincides with ⋂g∈T0 ((T − g) (f ) ∪ {g}) − ⋂g∈T0 ((T − g) (f )) and, hence, with the set
consisting of all g ∈ T0 with g ∈
(
T − g ′) (f ) for all g ′ ∈ T0 − g which readily implies our claim in view of Lemma 2.1,
(vi). 
2 as the closure of an intersection of finitely many open sets must coincide with the intersection of their closures whenever their boundaries are disjoint.
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Lemma 3.2. Fix an element g ∈ T0 and put C(g|B) := C (g|O(B)) for every B in B , and BC := C ∩⋂g ′∈T0−g [T − g ′] (g) for
every C ∈ pi0(T − g). Then, we have B ⊆ C(g|B) and g ∈ BC ∈ B , and the map pi0(T − g)→ B : C 7→ BC induces a bijection
from pi0(T − g) onto the subset Bg(T |T0) of B(T |T0) consisting of all blocks B ∈ B(T |T0) with g ∈ B whose inverse is given by
the restriction of the mapB(T |T0)→ pi0(T − g) : B 7→ C(g|B) toBg(T |T0).
Proof. Clearly, B ⊆ C(g|B) holds in view of O(B) ⊆ C (g|O(B)) = C(g|B) and, hence, B = O(B) ⊆ C(g|B). And g ∈ BC
holds in view of g ∈ C and g ∈ ⋂g ′∈T0−g [T − g ′] (g). Note further that N(g|T0) is an open neighbourhood of g and must,
therefore, contain some point f ∈ C in view of g ∈ C , and that BC = B(f |T0) ∈ Bg(T |T0) must hold for any such point
f : Indeed, we have
(
T − g ′) (f ) = (T − g ′) (g) for all g ′ ∈ T0 − g and f ∈ N(g|T0), and we have (T − g) (f ) = C for all
f ∈ C . So, we have also B(f |T0) = ⋂g ′∈T0 [T − g ′] (f ) = C ∩⋂g ′∈T0−g [T − g ′] (f ) = C ∩⋂g ′∈T0−g [T − g ′] (g) = BC . So,
g ∈ BC ∈ Bg(T |T0) as well as C(g|BC ) = C (g|B(f |T0)) = (T − g) (f ) = C in view of f ∈ O (B(f |T0)) as claimed.
Finally, if B ∈ Bg(T |T0) holds, we must have B = BC for C := C(g|B): Indeed, fix some f ∈ O(B) and note that g ∈ B
implies g ∈ (T − g ′) (f ) and, therefore, [T − g ′] (g) = [T − g ′] (f ) for all g ′ ∈ T0 − g while B ⊆ C = C(g|B) implies f ∈ C
and, therefore, C = [T − g] (f ). So, we have BC = C ∩⋂g ′∈T0−g [T − g ′] (g) =⋂g ′∈T0 [T − g ′] (f ) = B, as claimed. 
Lemma 3.3. For any g ∈ T0 and C ∈ pi0(T − g), one has C ∪ {g} =⋃B∈B(T |T0),B⊆C B.
Proof. Clearly, the necessarily connected closure C = C∪{g} of any connected component C ∈ pi0(T−g) in T must coincide
with the closure of C \ T0, as it must coincide with any closed subset of C ∪ {g}whose complement (in C ∪ {g}) is finite and,
hence, also closed. So, the lemma follows from Lemma 2.1, (vii). 
Lemma 3.4. A 2-subset e = {g, g ′} ∈
(
T0
2
)
of T0 forms an edge in Eb if and only if (T − h) (g) = (T − h) (g ′) holds for all
h ∈ T0−e in which case there exists exactly one block B = B(g, g ′) ∈ B(T |T0)with g, g ′ ∈ B. In particular, one has#(B∩B′) ≤ 1
for any two distinct blocks B, B′ ∈ B(T |T0), and
(
T − g ′) (g) 6= (T − g ′) (g ′′) as well as (T − h) (g) = (T − h) (g ′′) for any
two distinct blocks B, B′ ∈ B(T |T0) and g, g ′, g ′′, h ∈ T0 with g, g ′ ∈ B, g ′, g ′′ ∈ B′, and #{g, g ′, g ′′, h} = 4.
Proof. If g, g ′ ∈ B holds for some B = B(f |T0) ∈ B(T |T0), we have B = BC for the unique connected component
C := (T − g) (g ′) of T − g containing g ′; so, there can only be one block B ∈ B with g, g ′ ∈ B, namely, the block B = BC .
Further, we have (T − h) (g) = (T − h) (g ′) for all h ∈ T0 − e as both of these sets must coincide with C(h|B). Conversely,
if (T − h) (g) = (T − h) (g ′) holds for all h ∈ T0 − e, we have g, g ′ ∈ B for the unique block B := BC for C = (T − g) (g ′)
because g ∈ B holds essentially by definition of BC , and g ′ ∈ B holds in view of B = C ∩h∈T0−g [T − h] (g) and g ′ ∈ C ,
g ′ ∈ [T − h] (g ′), as well as g ′ ∈ (T − h) (g ′) = (T − h) (g) ⊆ [T − h] (g) for all h ∈ T0 − e. 
4. Proof of Theorem 1
That Gb is a block graph follows from:
Proposition 4.1. There is a canonical one-to-one correspondence between the 2-connected components of Eb and the blocks
B ∈ B given by associating, with each block B ∈ B(T |T0), the edge set Eb(B) := {e ∈ Eb : e ⊆ B}. That is, if
g0, g1, g2, . . . , gn = g0 is a cycle in Gb, i.e., if {g1, g2, . . . , gn} is a subset of T0 of cardinality n and e1 := {g0, g1}, e2 := {g1, g2},
. . . , en := {gn−1, gn} ∈ Eb holds, one has B(e1) = B(e2) = · · · = B(en) and, therefore, e1, e2, . . . , en ⊆ Eb(B) for B := B(e1),
i.e., every cycle in Gb is contained in a clique.
Proof. It suffices to show that, say, B(e1) = B(e2) holds. By Lemma 3.4, gi−1, gi ∈ B(ei) implies that (T − h) (gi−1) =
(T − h) (gi) holds for all h ∈ T0 − ei (1 ≤ i ≤ n). Thus, if B(e1) 6= B(e2) were to hold, we would have (T − g1) (g0) 6=
(T − g1) (g2)while g1 6∈ e3 ∪ · · · ∪ en would imply (T − g1) (g2) = (T − g1) (g3) = · · · = (T − g1) (gn−1) = (T − g1) (g0),
a contradiction. 
That Gt is a forest now follows from observing that, if there were to exist any cycle in Gt, it would necessarily be of
cardinality 2 as it would necessarily be of even cardinality 2n and of the form g0, B1, g1, B1, g2, . . . , Bn, gn = g0 in which
case the sequence g0, g1, g2, . . . , gn = g0 would form a cycle in Gb which in turn would imply B1 = B2 = · · · = Bn and,
therefore, n = 1.
That both graphs are connected is also easy to see: As every vertex g ∈ T0 is contained in exactly #pi0(T − g) ≥ 1 blocks
and, hence, has degree exactly #pi0(T−g) inGb, it suffices to observe that, if E0 were to be the edge set of a proper connected
component of Gb, the union T ′ of all blocks that occur as vertices of the edges in E0 would be a closed subset of T while the
union T ′′ of all blocks that occur as vertices in the edges of the complement Eb − E0 would also be a closed subset of T and
T ′ ∩ T ′′ = ∅ as well as T ′ ∪ T ′′ = T would hold which would contradict our assumption that T is connected.
Remark 4.2. The idea of proof was first applied in a more abstract setting in [2].
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